Abstract: In this article, we review and discuss different aspects of stability and genericity of some properties of space-times which occur in various contexts in the General Theory of Relativity. We also give an argument supporting the conclusion that 'Linearization Stability' is a generic property if we restrict space-times to the class of those which admit compact spacelike constant mean curvature hypersurfaces.
Introduction
The famous Japanese astronomer Yusuke Hagihara who is remembered for his contributions to celestial mechanics, formulated the problem of stability of solar system in the following manner [1] : He asked ,"Will the present configuration of the solar system be preserved for some long interval of time ? Will the planets eventually fall into the Sun or will some of the planets recede gradually from the Sun so that they no longer belong to the solar system ? What is the interval of time at the end of which the solar system deviates from the present configuration by a previously assigned small amount ? "He further makes significant remarks" : "The question has long been an acute problem in celestial mechanics since Laplace. The term 'stability' has often been discussed by various mathematicians and the solution of the problem becomes more and more complicated and difficult to answer as we dig deeper and deeper into it. Present day mathematics hardly enables us to answer this question in a satisfactory manner for the actual solar system. We must limit ourselves here to describe the present status of the efforts towards solving this fascinating but difficult problem of human culture." More than fifty years after Hagihara's remarks as above, situation remains more or less the same, though this quest led to many mathematical developments, and several successive details the development of the concept of stability from historical perspective. Very interestingly, they remark : "We insist on the fact that only the attentive reading of the original documents can contribute to correct certain errors endlessly repeated by different authors."
For a more recent review about historical development of classical stability concepts, we refer the reader to R.I. Leine [5] .
In the present article, we wish to discuss some of the stability issues which have been studied by various researchers in the general theory of relativity. S.W. Hawking [6] has emphasized the reason for studying stable properties as follows : A physical theory is a correspondence between certain physical observations and a mathematical model. In this case, the model is a manifold with a Lorentz metric. The accuracy of the observations is always limited by practical difficulties and by the uncertainty principle. Thus the only properties of space-time which are physically significant are those that are stable in an appropriate topology. Unstable properties will not have physical relevance. Moreover, they may be of mathematical inconvenience in the sense that they may provide counter examples to general theorems one would like to prove about all metrics in a certain region of Lor(M ). Here Lor(M ) denotes the set of all Lorentz metrics which can be defined on a given space-time manifold. This means the theorem may hold for almost all metrics in the region, but fail for some particular metrics. In this situation, we say that such a theorem holds generically. In general, a property is generic in a region of Lor(M ) if it holds almost everywhere on that region.
Mathematically, by 'almost everywhere' we mean that it holds on an open dense subset of the region of Lor(M ). For physical purposes, it is sufficient to prove that a theorem holds generically because the metric of mathematical model of space-time is defined only with limited accuracy. Hawking [6] defines stability of a property in the language of open subsets of the set Lor(M ) under suitable topology. Similar definition of stability is in use in the theory of dynamical systems also.
From the definitions of "Stability" and "genericity", it is clear that these concepts depend upon the topologies under consideration. Thus a given property may be stable and generic in some topologies and not in others. Which of the topologies is of physical interest will depend upon the nature of the property under consideration.
Thus, in this article, we study and discuss (i) the stability of global properties of space-time, especially causal properties, and (ii) the stability of the outcome of gravitational collapse in spherically symmetric space-times with respect to small perturbations in the regular initial data from which the collapse evolves. Recent article by Fletcher [7] throws more light on the choice of topology and hence on the results about stable and generic properties in this context. Earlier work by other researchers is also discussed. In the later case, we mainly discuss stability of outcome of inhomogeneous dust collapse with respect to initial conditions by referring to the work of Saraykar and Ghate [8] and Joshi, Malafarina and Saraykar [9, 10] .
Furthermore, we discuss the issue of genericity which occurs in general theory of relativity in different contexts. Genericity issue plays an equally important role as stability in Mathematics, Mathematical and Physical sciences, and other sciences also.
When we define a certain property of a topological space, or a measure space, or property of a dynamical system or that of a space-time in the theory of relativity, we expect that such a property will hold for "almost all" objects. The word "generic" is used to describe such properties. Thus, properties that hold for "typical" examples are called generic properties. For instance, "a generic polynomial does not have a root at zero," or "A generic matrix is invertible." As another example, "If f : M → N is a smooth function between smooth manifolds, then a generic point of N is not a critical value of f ." (This is by Sard's theorem.)
There are many different notions of "generic" (what is meant by "almost all") in mathematics, with corresponding dual notions of "almost none" (negligible set). The two main classes are:
( I ) In measure theory, we say that a property is generic if it holds almost everywhere. This means that a property holds for all points except for a set of measure zero.
( II ) In topology and algebraic geometry, a generic property is one that holds on a dense open set, or more generally on a residual set, with the dual concept being a nowhere dense set, or more generally a meagre set.
In discrete mathematics, one uses the term "almost all" to mean cofinite (all but finitely many), cocountable (all but countably many), for sufficiently large numbers, or, sometimes, asymptotically almost surely. The concept is particularly important in the study of random graphs.
As mentioned above, in topology and algebraic geometry, a generic property is one that holds on a dense open set, or more generally on a residual set (a countable intersection of dense open sets), with the dual concept being a closed nowhere dense set, or more generally a meagre set (a countable union of nowhere dense closed sets). Same definition is used in the theory of Dynamical Systems also. However, "denseness" alone is not sufficient to characterize a generic property. This can be seen even in the real numbers, where both the rational numbers and their complement, the irrational numbers, are dense in the set of real numbers. Since it does not make sense to say that both a set and its complement exhibit typical behavior, both the rationals and irrationals cannot be examples of sets large enough to be typical. Consequently we rely on the stronger definition above which implies that the irrationals are typical and the rationals are not. We also note that none of these sets is an open subset of real numbers under usual topology.
For applications, if a property holds on a residual set, it may not hold for every point, but perturbing it slightly will generally land one inside the residual set, and these are thus the most important case to address in theorems and algorithms. For function spaces, a property is generic in C r (M, N ) if the set holding this property contains a residual subset in the C r topology. Here C r (M, N ) is the function space whose members are continuous functions with r continuous derivatives from a manifold M to a manifold N. Since this topology is often used in the mathematics literature ( called Whitney-C r topology ), we describe it below in details. We also note that the space C r (M, N ) of C r mappings between M and N is a Baire space and hence any residual set is dense. This property of the function space is what makes generic properties typical.
In general theory of relativity, there are properties of a space-time which are generic. For example,
Hawking [6] remarks that a property of a space-time being stably causal is a generic property.
Second example of a generic property is that of linearization stability ( we refer the reader to the review article by Fischer and Marsden [11] and to [12, 13] for details on linearization stability and related results ). In the class V of space-times which admit a compact Cauchy hypersurface of constant mean curvature, the subclass V K of space-times which are linearization stable form an open and dense subset of V under C ∞ -topology. Third example of a generic property is the "generic condition" in the Hawking-Penrose singularity theorems. Beem and Harris [14] proved that the set of vector fields satisfying this condition is open and dense in the set of all vector fields under a suitable topology. Fourth instance is the theorems proved by Ringstrom [15, 16] in the quest of proving the strong cosmic censorship conjecture. He proves that under suitably defined topology, the set of initial data evolving into Einstein vacuum equations is open and dense in the set of all initial data. This has been proved for (T 3 × R)-Gowdy space-times. Fletcher [7] discusses certain causal properties of a space-time in the light of genericity under a given topology on the space of Lorentz metrics.
When it comes to gravitational collapse of type I matter fields in spherically symmetric space-times, where we consider regular initial data evolving into gravitational collapse, we have proved (cf. [10] )
that the set of initial data which leads the collapse to black holes forms an open subset of the set of all initial data under a suitable function space topology. Same is true for the initial data set which leads the collapse to a naked singularity. Neither of these sets are dense in the parent set. However, we proved that these sets have a non-zero measure under a suitable definition of a measure on an infinite dimensional space.
Thus, in Section 2, we discuss stability of different global properties of a space-time under suitable definition of topology on the space Lor(M ). We also discuss some properties which are generic under a suitable choice of topology. If we choose a different topology, then some undesirable properties of a space-time become generic (cf. [7] ). In Section 3, as a proto-type, we discuss the stability and genericity aspects of the outcome of gravitational collapse of inhomogeneous dust in spherically symmetric space-times with respect to small perturbations in the regular initial data from which the collapse evolves. As mentioned above, in [10] , these concepts are generalised to gravitational collapse of type I matter fields. In Section 4, we discuss properties of space-times mentioned above which are generic in the sense of definition as existence of open and dense subset in the appropriate topological sense. In Section 5, we make concluding remarks on both these important issues of stability and genericity. [18, 19] ), a new avenue was opened in the study of space-time structure, which was global in nature.
Methods were used from topology and global differential geometry to study global structure of space-time which ultimately led to the proof of singularity theorems [17, 18] . Hierarchy of a number of causality conditions was discovered in these studies which were mainly global properties of a space-time manifold. ( for recent review of these results, see Minguzzi [20] and Chrusciel [21] ).
The important question that then arose was about establishing stability of these properties in a suitable topological sense. For this it became necessary to define an appropriate topology on the space Lor(M ) of Lorentz metrics on a given space-time manifold.
Thus, Hawking [6] , Lerner [22] and Beem and Ehrlich [23, 24] defined a Whitney C r -topology and other topologies on Lor(M ) and studied stability of global properties of space-time. In order that the notion of open set is well-defined, we need a topology on Lor(M ). This can be done in more than one way, as follows :
To define a topology on Lor(M ), we need the concept of a distance between two Lorentz metrics on M . For this, following S. W.Hawking [6] , we can consider a positive definite metric e on M (this can always be done, since M is paracompact). This metric can then be used to define covariant derivatives of tensor fields on M and also to measure the magnitude of such tensor fields and their derivatives. With this, we can define how near together the derivatives of two metrics are at each point of M . We have to consider different possibilities.
1. The metrics can be required to be near only on compact regions of the manifold and the behaviour near infinity is unrestricted. This means, if g is a Lorentz metric, U a compact set of M and Classical C r derivatives can be replaced by weak / generalized derivatives and we can obtain Sobolev W r -topologies by demanding that instead of requiring the difference between the derivatives to order r of two nearby metrics to be small (point-wise), we require the integrals of squares of the differences of weak derivatives to order r to be small. The squares and the integrals are here defined with respect to positive definite metric e on M . Thus a C r -tensor field is also a W r field, and by using Sobolev embedding theorem it follows that a W s tensor field for s > n 2 + r = 4 2 + r = r + 2 say s = r + 3, is a C r -field. This means that a W r+3 topology is finer than the corresponding C r -topology which in turn, is finer than the W r -topology ( bigger norm -topology has more number of open sets than smaller norm -topology ). W r -topologies play an important role in the Cauchy problem in General Relativity ( cf Hawking and Ellis [17] ).
The topologies discussed above do not use the specific properties which emerge from the symmetry and signature of a Lorentzian metric.
The topology respecting the causal structure was defined by Bombelli, Lee, Meyer and Sorkin [25, 26] as follows:
They use the fact that causal structure and conformal structure are the same when the Lorentzian metrics are future and past-distinguishing. They define a set of functions which compare the volume elements and causal structure of two metrics g andg separately. When restricted to C 2 -future and past-distinguishing metrics, this topology becomes Hausdorff. This means that for every point p, there exists a unique maximal geodesic with starting point p and initial direction X p ∈ T p M . This geodesic depends continuously on p and
The definition of topology given by Bombelli and Meyer [25] is as follows:
One can find pseudo-distances which distinguish between metrics with different volume elements at p ∈ M . Using such a distance between local volume elements, they construct a distance between metrics in a given conformal class by
Then, they define a family of non-local functions, characterizing the fact that causal structures of two arbitrary metrics g andg agree down to the volume scale λ, by
where A is the Alexandrov neighbourhood defined by x and y in the metric g and A ′ is the corresponding neighbourhood in the metricg. Here V (R) denotes the volume of a region R ⊂ M in the metric g and A∆A ′ denotes the symmetric difference (A ∼ A ′ ) ∪ (A ′ ∼ A) . We note that for a fixed value of λ, d
C λ is not symmetric, nor does it satisfy the triangle inequality. However, the set of functions {d v ; d (ii) the concept of amenability.
As remarked by Noldus, the topology on Lor(M)/Diff(M) constructed in [26] is unique, however there exist many pseudo-distances which might generate this uniform topology. It is not known whether the topology on Lor(M)/G as constructed by Noldus is uniquely determined or not. It depends on the generating pseudo-distance of the uniform topology on Lor(M). However, when M is compact with boundary, one can also take the quotient Lor(M)/Diff(M). However, Noldus topology has much better continuity properties with respect to group actions. Another thing is, one can also raise the question whether the topology on Lor(M) is locally arcwise connected or not. Diff(M) is locally arcwise connected in the F D topology (Refer [28] for definition) so we have that for φ sufficiently small and g ∈ L or (M ) that φ * g is arcwise connected to g by a path in Lor(M) which corresponds to a path in Diff(M) from the identity to φ.
Finally, though Noldus topology is a generalization of topology given in [26] , there is no specific direct relationship between this topology and topologies defined earlier on L or (M ). It would be interesting to investigate such relationships. However, in some special cases, say for dimension 2,
Noldus topology is the same as Euclidean topology.
Thus, so far, we have discussed results regarding the topologies that can be defined on Lor(M ).
Which of these topologies should be used in a given situation, depends on the properties one wishes to consider.
We now consider stability and instability of some global properties of a space-time with respect to some of the topologies discussed above. We shall also see how stability of a certain property can change to instability if one considers a different topology.
Consider the following causal properties : should let the details of particular problems guide the choice of an appropriate topology". We refer the reader to Fletcher [7] for more detailed discussion and proofs of these issues.
Global hyperbolicity : A space-time M is said to be globally hyperbolic if it is strongly causal and for any two points p, q ∈ M , J + (p) ∩ J − (q) is compact. We refer to [17, 18] for detailed discussion of this property and its equivalent versions. As mentioned above, a property defined Thus we have the following results (cf. Hawking [6] , Geroch [29] , Lerner [22] , Beem [24] ; also see the book [30] by Beem, Ehlrich and Esley for detailed discussion and proofs ) :
1. Stable causality is conformally stable and hence also C r stable in Lor(M) for all r ≥ 0.
2. Global hyperbolicity is conformally stable and hence also C r stable in Lor(M) for all r ≥ 0. However, Williams [31] showed that both geodesic completeness and geodesic incompleteness may fail to be stable. These two properties are C 0 stable for definite spaces, but for all signatures (s,r) with s ≥ 1 , r ≥ 1, one can construct examples for which these properties are unstable. (See Del Riego and Dodson [32] for the reasons for these instabilities). However, for Robertson -Walker space-times, geodesic incompleteness can be proved to be stable. See, for example [23] .
As mentioned above, global hyperbolicity is a stable property in the set of all time-oriented Lorentz metrics on a fixed manifold. However, A.Garcia Parrado and M. Sanchez [33] have proved that the causal structures of Minkowski and Einstein static space-times remain stable, whereas that of de Sitter space-time become unstable. More precisely, they prove the following theorem :
For any neighbourhood U in a C r -Whitney topology, r = 0, 1, ..., ∞ of de Sitter space-time,
there is a space-time V ∈ U such that V is not isocausal to S n 1 . Thus, the causal structure of de Sitter space-time S n 1 is unstable. Here, isocausality is defined as follows :
Let Φ : V 1 → V 2 be a global diffeomorphism between two manifolds. We say that the Lorentzian manifold V 2 is causally related to V 1 by Φ, denoted V 1 ≺ Φ V 2 , if for every causal future-directed In simple language, isocausal space-times have the same causal structure. The authors also prove that there are infinitely many different globally hyperbolic causal structures, and thus different conformal ones on R 2 . Another interesting result in this paper is that plane wave solutions with the same number of positive eigenvalues in the frequency matrix have the same causal structure.
Thus these solutions have equal causal extensions and causal boundaries.
In a very recent work by Navarro and Minguzzi [34] , the authors consider Geroch interval topology and prove that global hyperbolicity is stable in the space-time metrics. They prove that every globally hyperbolic space-time admits a Cauchy hypersurface which remains Cauchy under small perturbations of the space-time metric. Moreover they prove that if the space-time admits a complete timelike Killing field, then the light cones can be widened preserving both global hyperbolicity and the Killing property of the field. These results about global hyperbolicity are not contradictory because topologies are different. In fact, Geroch's interval topology is one of the coarsest topologies that can be given on the space of (conformal classes of) metrics, and hence the stability in this topology is particularly strong. There is only one other important topology that has been discussed above and which is coarser than Geroch's interval topology: the compact-open topology [6] .
In this topology, the metric light cones are bounded only inside a compact set of space-time.
Thus a property such as global hyperbolicity need not be stable in this topology.
Specifically, we note that in all these works, the researchers have considered the concept of stability referring to a particular topology on the space of space-time metrics. Thus these results concern stability of a property of a space-time considered as a whole. They do not consider the problem of stability of a property under evolution.
Thus, in all these works, no evolution equation such as Einstein's field equations, is imposed on the space-time. Such considerations require a different kind of study like Linearized stability [11 -13] or stability of end states of collapse [8] [9] [10] or proving global existence of solutions of Einstein field equations involving collisionless matter ( cf. Rendall [35] ). We touch first two aspects below.
Finally, we remark that it would be interesting to study stability of space-time properties with respect to the topology developed by Noldus, in the sense that which of the properties are stable and which are not.
Stability and Genericity of initial data set in gravitational collapse
This section is based on the papers [8, 9, 10] and Saraykar and Joshi [36] .
As the theory of gravitational collapse in general relativity evolved over a period of past four decades, it is now well-known that dynamical gravitational collapse of a massive matter cloud can end in either a black hole or a naked singularity final state, for spherical spacetimes with a variety of matter fields and also in many non-spherical models. Gravitational collapse has been studied by many authors in detail (see for example [18] 
and references therein). Existence of black hole (BH)
or naked singularity (NS) as endstates of collapse is obtained depending on the choice of initial data from which the collapse evolves, as was shown by Dwivedi and Joshi [37, 38] .
A natural question which then arises is, whether these occurrences and the collapse outcomes in terms of BH or NS final states are stable and generic with respect to the regular initial data on an initial spacelike surface from which the gravitational collapse develops.
From such a perspective, in the case of inhomogeneous dust, Saraykar and Ghate [8] showed that the occurrence of NS and BH is stable with respect to small variations in initial data functions in the sense that initial data set leading the collapse to NS (or BH) forms an open subset of the full initial data set under a suitably defined topology on the space of initial data. The authors assumed there the definition of genericity as given in the theory of dynamical systems (see e.g. [39] ), and it was then argued that the NS occurrence is stable but not generic as per that definition. It is to be noted, however, that the occurrence of black holes also then turns out to be non-generic according to such a criterion. Therefore, the definition of genericity, as used in the dynamical systems studies would not be adequate to be used for discussing the gravitational collapse outcomes. An important point here is, work of different researchers over a period of last two decades has shown that the class of initial data set which leads to NS is disjoint and 'fully separated' from that which leads to BH. This is true for radiation collapse, inhomogeneous dust collapse and also for general type I matter fields ( [8, 10, 18, 40, 41] ).
To examine this point, we consider here the situation of the inhomogeneous dust collapse following [8] : The spacetime metric in the case of inhomogeneous dust is given by
and the energy momentum tensor and field equations are,
where T ij is the energy-momentum tensor, ρ is the total energy density and F (r) and f (r) are arbitrary functions of r. The dot denotes a derivative with respect to time, while a prime denotes a derivative with respect to r. Integration of equation (4) gives
where the function G(x) takes value 2/3 at x = 0, and is expressed as inverse sine and inverse hyperbolic sine for other ranges of x (see e.g. [3, 4] for exact expressions for G(x). Following the root equation method of [10] , the condition for existence of a naked singularity or black hole is given in terms of the function Θ u (r) described as follows ( [11] ):
where the mass function F (r) and energy function f (r) are written as
and
Moreover g(r) and Q(r) are sufficiently smooth (at least C 1 ) functions satisfying regularity and energy conditions. It is assumed that g(r) satisfies (i) g(r) > 0 and (ii) rg ′ (r) + 3g > 0. These are positivity of mass and energy conditions.
Then, if the value of the function Θ u (r) at r = 0 is greater than α where,
then the tangent to a nonspacelike curve will be positive, i.e. future directed nonspacelike curves will reach the singularity in the past. In other words, singularity will be naked, not covered by an event horizon. If this condition is reversed, we get a black hole.
We now consider A to be the class of all continuous functions A(r) defined on [0, r b ]. Consider a subclass of A, denoted by A 1 , consisting of functions A(r), such that A(0) > α. Now consider the equation
regarded as differential equation in Q(r)) where Θ u (r) is given by (6) .
Then the following result was proved in [8] : Given a function g(r) satisfying the above conditions, there are infinitely many choices of function A(r) in the class A 1 such that for each such choice of A(r), there exists a unique function Q(r) such that the initial data (g(r), Q(r)) leads the collapse to a naked singularity. Thus, the conditions on g(r) and A(r) leading the collapse to NS are,
Since the existence of Q(r) is guaranteed by g(r) and A(r), we can consider the set N of all (g(r), A(r)) (instead of (g(r), Q(r))), satisfying the above conditions, as the set of initial data leading the collapse to NS. As proved in [4] It is thus clear that if we follow strictly the dynamical systems definition of genericity, then both the outcomes of collapse, namely NS and BH would be non-generic. Thus, it is reasonable to argue that a change in the definition of genericity is desirable. This change is also justified by the work of other relativists who used the nomenclature 'generic' in the sense of 'abundance' or existence of an open set of non-zero measure consisting of initial data leading the collapse to BH or NS as in the case of scalar fields or for AdS models (see e.g. [42] [43] [44] and references therein, but see also [45] where genericity is defined in terms of codimension). We note that in general it is clear from the definitions of 'stability' and 'genericity' used that these concepts depend upon the topologies under consideration. Thus a given property may be stable and generic in some topologies and not so in others. Which of the topologies is of physical interest will depend upon the nature of the property under consideration.
It follows that the dynamical systems definition of 'genericity' needs to be modified if we desire to have black holes as generic outcomes of gravitational collapse of dust. Dust collapse is clearly one of the most fundamental collapse scenarios, as the classic Oppenheimer-Snyder homogeneous dust collapse model is at the very foundation of the modern black hole physics and its astrophysical applications.
We could therefore formulate an appropriate and physically reasonable criterion of genericity for the dust collapse outcomes as follows:
We assume that the collapse begins with a regular initial data, with weak energy condition and other regularity conditions satisfied, e.g. that there are no shell crossings R ′ = 0 as the collapse evolves. The initial data, namely F (r) and f (r) (or g(r) and A(r)) allow for the formation of both black holes and naked singularities, and we call each of these outcomes to be generic if the following conditions are satisfied:
(i) The set of initial data which evolves the collapse to naked singularity (or black hole) is an open subset of the full space of initial data.
(ii) If we impose a positive measure on the space of initial data, then the set of initial data with each of these outcomes should have a non-zero measure in the total space.
The first condition above means given an initial data point F 1 (r) and f 1 (r), which evolves the collapse to naked singularity (black hole), there should be an open neighborhood of this data point such that each initial data in this neighborhood also evolves to the same outcome. The second condition here means that each of these outcomes are substantially big in the full space of initial data.
We see from the consideration above that this holds true for dust collapse. In other words, an outcome of collapse, either in terms of a black hole or naked singularity is called 'generic' if there exists a subset or region of the initial data space that leads the collapse to such an outcome, and which has a positive measure. Then actually how 'big' such a region or the subspace of the initial data would be, depends on the collapse model being considered. For example, for the Vaidya radiation collapse, each of the regions going to BH or NS seem to be both finitely big and with a non-zero measure, and for dust collapse also they seem to have essentially equal 'sizes'.
Thus, we observe the following: With the above definition of genericity, we find that both the outcomes of dust collapse, namely black holes and naked singularities are generic and also stable (see also [10] for a recent discussion on perfect fluid collapse). Since denseness depends upon the parent set chosen as well as the choice of topology, choosing the definition such as above looks physically reasonable. In other words, it is reasonable to argue that a change in the definition of genericity which will make both these collapse final states generic is desirable. 
Linearization Stability is a generic property :
We begin with the following definition : Let T x X denote the tangent space to X at x ∈ X, and let ( Splitting kernel means: T x X = Range(DΦ) * (x) + KerDΦ(x)).
Proof uses the Implicit Function Theorem.
We now discuss Linearization stability of Einstein's equations in case where Cauchy (spacelike)
hypersurface is a compact 3-manifold without boundary. In analogy with above definition, we define linearization stability of Einstein field equations :
We Important results about Linearization Stability are as follows:
(1) For space-time admitting a compact constant mean curvature (CMC) space-like hypersurface (DΦ) * (g, π) is elliptic. Here g is the induced Riemannian 3-metric on specelike hypersurface, say M , and π is the conjugate momenta corresponding to g in the standard ADM formalism.
(2) Let space-time (V, 4 g) be fixed. The space of Killing fields of 4 g is isomorphic to the kernel of (DΦ) * (g, π). Here, we note that an elliptic operator has a finite dimensional kernel.
(3) If (V, 4 g) has no Killing fields, then it is linearization stable.
Thus, space-times admitting compact CMC hypersurfaces can admit only finite number of independent Killing fields. It will not be out of place to mention that similar results hold for Einstein field equations coupled with matter fields such as scalar fields, electro-magnetic fields and Yang-Mills fields. See, for example, [47, 48, 49] . For full analysis of the structure of the space of solutions of Einstein's field equations in the presence of Killing fields, we refer the reader to Fischer, Marsden and Moncrief [12] and Arms, Marsden and Moncrief [13] .(See also Saraykar [50] ).
We now consider the class V of all space-times ( equivalently class of Lorentz metrics ) possessing compact Cauchy hypersurfaces of constant mean curvature, and use results of Beig, Chrusciel and
Schoen [51] and P. Mounoud [52] 
zero, then there will be v 0 and v 2 such that q = γ(v 0 ) and r = γ(v 2 ) will be conjugate along γ(v)
provided γ(v) can be extended to these values.
Hawking-Ellis explain that it is reasonable to assume that in a physically realistic space-time, every timelike or null geodesic will contain a point at which the quantity
non-zero. This condition is called 'generic condition'. It can be satisfied by a single tangent vector, or by every tangent vector to a null or timelike curve. In the latter case, we say that a space-time itself satisfies the generic condition. It is well-known [17, 18] that the generic condition for a spacetime plays an important role in the proof of singularity theorems. Beem and Harris [14] prove that this Generic condition is generic in the sense that at a given point of spacetime, if we consider the tangent space at this point, then the set of tangent vectors satisfying the generic condition is open and dense in the tangent space. Beem and Harris prove a series of results which are algebraic in nature, and then the above result follows as a consequence of these. We describe these results in brief :
A tangent vector K is called non-generic if it is non-zero and if This then proves that generic condition applied to a tangent vector is really a generic property.
Our last example of genericity is from the work of Ringstrom where he proves strong cosmic censorship conjecture for a certain class of space-times. Einstein's vacuum equations can be viewed as an initial value problem, and given initial data there is one part of space-time, the so-called maximal globally hyperbolic development (MGHD), which is uniquely determined up to isometry. However, it is sometimes possible to extend the spacetime beyond the MGHD in inequivalent ways. Hence, the initial data do not uniquely determine the space-time, and in this sense the theory is not deterministic. Here, it is then natural to make the strong cosmic censorship conjecture, which states that for generic initial data, the MGHD is inextendible. Since it is unrealistic to hope to prove this conjecture in all generality, it is natural to make the same conjecture within a class of space-times satisfying some symmetry condition.
Ringstrom, in a series of two papers, proved strong cosmic censorship in the class of T 3 -Gowdy spacetimes. In the first paper, the author focuses on the concept of asymptotic velocity. Under the symmetry assumptions, Einstein's equations reduce to a wave map equation with a constraint. The range of the wave map is the hyperbolic plane. The author introduces a natural concept of kinetic and potential energy density. The important result of this paper is that the limit of the potential energy as one lets time tend to the singularity for a fixed spatial point is 0 and that the limit exists for the kinetic energy. In the second paper [16] , the author proves that the set of initial data G i is open with respect to the C 1 topology and dense with respect to the C ∞ topology, such that the corresponding space-times have the following properties:
First, the MGHD is C 2 -inextendible. Second, following a causal geodesic in a given time direction, it is either complete, or a curvature invariant, the Kretschmann scalar is unbounded along it (in fact the Kretschmann scalar is unbounded along any causal curve that ends on the singularity).
Conclusion
As we are aware, the concepts such as 'stability' and 'genericity' which are so important for physical considerations, are not well-defined in the Einstein gravitation theory. Also, there are many aspects of stability on which researchers have spent their time and efforts. For example, by considering odd and even parity perturbations of a given spherically symmetric space-time metric, like Schwarzschild or Reissner-Nordstrom, people have studied stability of these solutions. For this, we refer the reader to an excellent book by S. Chandrasekhar [55] . Depending upon the context, and problem under study, researchers have studied stability of different phenomena from different angles.
Thus, definition of 'Stability' seems to depend upon the topology we choose and class of perturbations we deal with. Consider, for example, the Schwarzschild space-time. It is globally hyperbolic.
But if we throw a smallest charge into it, then the resulting space-time is Reissner-Nordstrom, which is not globally hyperbolic. Moreover it admits a Cauchy horizon, and Cauchy surfaces are lost. As another example, consider the Oppenheimer-Snyder collapse, i.e. the spherically symmetric dust collapse, which is globally hyperbolic. But with a slightest perturbation in density, e.g. the density
higher at the center, we loose global hyperbolicity, and the singularity becomes naked. Now choosing a slightly higher density at center corresponds to a certain perturbation of the metric. Thus, it will be interesting to consider such a class, which is of course physically interesting, and try and see why global hyperbolicity is violated ? So should we call it stable or not ? In the same example, if density is inhomogeneous and if we add slight pressure in the collapsing system, then again the outcome can change from black hole to a naked singularity or vice-versa. Thus the outcome can be called unstable with respect to addition of pressure. Such problems have been studied by Joshi and Malafarina ( see [9] for a detailed review).
In addition to this, as we have said and discussed in earlier sections, when the definition involves openness of the data, then the choice of topology plays an important role in deciding stability as well as genericity properties. Thus, we conclude that the definition of stability under consideration depends upon the context and phenomena under study, as well as the choice of mathematical objects like function spaces and topology involved in the definitions. Thus, we can not expect uniqueness in the choice of definition of stability. Just as this is true for problems in general theory
